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A rectangular cartogram is a type of map where every region is a rectangle.
The size of the rectangles is chosen such that their areas represent a geo-
graphic variable (e.g., population). Good rectangular cartograms are hard to
generate: The area specifications for each rectangle may make it impossible
to realize correct adjacencies between the regions and so hamper the intuitive
understanding of the map.

We present the first algorithms for rectangular cartogram construction. Our
algorithms depend on a precise formalization of region adjacencies and build
upon existing VLSI layout algorithms. An implementation of our algorithms and
various tests show that in practice, visually pleasing rectangular cartograms
with small cartographic error can be generated effectively.

Introduction erally do not touch anymore. The third type of car-
togram is the rectangular cartogram, introduced by

. Raisz in 1934 [13], where each region is represented
Cartographers have developed many different te / arectangle. This has the advantage that the sizes

nigues to visualize statistical data about a set of reg- : :
. : . . area) of the regions can be estimated much better
gions like countries, states or counti€artograms

) n with the first twi .
are among the most well known and widely usetga th the first two types

of these techniques. The regions of a cartogram
are deformed such that the area of a region corre- 'S -
sponds to a particular geographic variable [3]. The .
most common variable is population: In a popu- . o P
lation cartogram, the areas of the regions are pro- }

portional to their population. Since the sizes of the -

regions are not their true sizes they generally can- “UNow
not keep both their shape and their adjacencies. A —
good cartogram, however, preserves the recogniz- LN R
ability in some way. " e o

PT ES

Globally speaking, there are three types of car- on ™
togram. The standard type (tledntiguous area
cartogran) has deformed regions so that the déigure 1: The population of Europe (country codes
sired sizes can be obtained and the adjacendiesording to the ISO 3611 standard).

kept. Algorithms for such cartograms are described

in [4, 5, 8, 15]. The second type of cartogram is th&lgorithms for cartograms have been studied for
non-contiguous area cartogram [12]. The regioonser thirty years, but no method for producing rect-
have the true shape, but are scaled down and gangular cartograms has been developed so far [16].
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1This work has previously been published as part of [11].
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Quality criteria. Whether a rectangular cartogranarating triangles has a rectangular dual this does not
is good is determined by several factors. One iohply that an error free cartogram for this graph ex-
these is thecartographic error[4, 5], which is de- ists.

fined for each region asA: — As | /As, WhereA; .

is the area of the region in the cartogram aads Re_sults. We present the fl_rst fully automated al-
the specified area of that region, given by the gg(_)rlthms for the computation of rectangular car-

ographic variable to be shown. The following lisfo9rams. We formalize the region adjacencies based
summarizes the most important quality criteria; O their geographic location and are so able to enu-
merate and process all feasilveetangular layouts

e Average cartographic error. for a particular subdivision (i.e., map). The precise
e Maximum cartographic error. steps that lead us from the input data to an algo-
e Correct adjacencies of the rectangles. rithmically processable rectangular subdivision are
¢ Maximum aspect ratio. sketched in Section .

e Suitable relative positions. In [11] we describe three algorithms that com-

For a purely rectangular cartogram we cannot e&gte a cartogram from a_rectangular layout. Here
pect to simultaneously satisfy all criteria well. Rel€ co”ncc:jentrate on the_S|mEIest_ ‘J_”ev\‘/’f thesle, the
cently, Heilmann et al. [6] presented rectanguldP ¢2"'€ segment moving heuristic We evalu-

map approximations that have zero cartographic 8}ﬁ3d tr_‘llz easy Iand fefﬂue_nt reurlsnc _experlmgn—
ror but do not satisfy the other criteria. tally. e results of our implementation can be

found in Section . A Java prototype can be
Related work. Rectangular cartograms are closel§een ahttp://www.win.tue.nl/ ~ speck-
related tofloor plansfor electronic chips. Floor man/demos/carto

planning aims to represent a planar graph byeits-

angular dua) defined as follows. Arectangular . . .

partition of a rectangldR s a partition oRinto a set Algorithmic Outline

‘R of non-overlapping rectangles such that no four

rectangles ifR meet at the same point. A rectanAssume that we are given an administrative subdi-
gular dual of a planar graptG, V) is a rectangular vision into a set of regions. The adjacencies of the
partition R, such that(i) there is a one-to-one corfegions can be represented in a graphwhich is
respondence between the rectangleRirand the the face graph of the subdivision.

nodes inG, and (ii) two rectangles ifR share a 1. Preprocessing: The face graptF is in most

common boundary if and only if the correspondin . .
. . ases already triangulated (except for its outer face).
nodes inG are connected. The following theorem
. . In order to construct a rectangular dual Bfwe
was proven in [10]: : . .
first have to process internal vertices of degree less
than four and then triangulate any remaining non-

Theorem 0.1 A planar graph G has a rectangular .
flangular faces.

dual R with four rectangles on the boundary of R

and only if 2. Directed edge labels:Any two nodes in the
1. every interior face is a triangle and the exterioface graph have at least one direction of adjacency
face is a quadrangle, and which follows naturally from their geographic lo-

cation. While in theory there are four different di-
rections of adjacency any two nodes can have, in

Most maps give rise to triangulated graphs, becalyactice only one or two directions are reasonable.

usually at most three regions meet at any one poi@ur algorithms go through all possible combina-

Separating triangles occasionally arise, for exatiwns of direction assignments and determine which
ple, Luxembourg does not border any sea and is onie gives a correct or the best result. While in the-
cident to only three countries. This implies that ary there can be an exponential number of options,
purely rectangular cartogram with correct adjaceim practice there is often only one natural choice for
cies does not exist for Europe. Also note that &he direction of adjacency between two regions. We
though every triangulated planar graph without segall a particular choice of adjacency directiondia

2. G has no separating triangles.
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rected edge labelingA face graph with a directed error while maintaining reasonable aspect ratios gnd

edge labeling can be represented by a rectangulative positions.

dual if and only if Segment moving heuristic.A simple but efficient

1. every internal region has at least one North, oheuristic that works as follows. Consider the maxi-
South, one East, and one West neighbor, andmal vertical segments and maximal horizontal s€g-

2. when traversing the neighbors of a node ments in the layout, for example the vertical seg
clockwise order starting at the western mostent in Figure 2 that has Kentucky (KY) to its left
North neighbor we first encounter all Norttand West Virginia (WV) and Virginia (VA) to its

neighbors, then all East neighbors, then alght. This segment can be moved a little to the left,

South neighbors and finally all West neighborsnaking Kentucky smaller and the Virginias larger,

A realizable directed edge labeling constitutesg

ular edge labelingor F as defined in [7] which im- €€t
mediately implies our observation. The segment moving heuristic loops over all max

or it can be moved to the right with the opposite ef-

imal segments and moves each with a small step
3. Rectangular layout: To actually represent ain the direction that decreases the maximum erfor

face graph together with a realizable directed edgethe adjacent regions. After a number of itef
labeling as a rectangular dual we have to pay spgions, one can expect that all maximal segmen
cial attention to the nodes on the outer face singave moved to a locally optimal position. However

ts

’

they may miss neighbors in up to three directionge have no proof that the method reaches the glopal

To compensate for that we add four special regiopgtimum, or that it even converges.

NORTH, EAST, SOUTH, and WEST, aswell88a The segment moving heuristic has some important

regionsthat help to preserve the original outline of 4 antagesti) it can be used for any rectangular
the subdivision. Then we can employ the algorlthmyout (i) one iterative step for all maximal seg
by He and Kant [7] to construct @ctangular lay- mens take©(n) time, (iii ) no area need to be speg
ogt, i.e., the unique _rectangular dual of a rea_llzab}ﬁed for sea rectanglesjv) a bound on the aspect
directed edge labeling. The output of our impleytig can be specified, arfs) adjacencies betweer]

mentation of the algorithm by He and Kant is showg rectangles can be preserved, but need not |be.
in Figure 2. Not preserving adjacencies can help to reduce gar-

tographic error.
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the US. segment moving heuristic actually finds a good ca
togram if it exist. Secondary objectives of the e

4. Area assignment: For a given set of area val-Periments are to determine to what extent the carto-

- l_ tograms with reasonably small cartographic error

exist, given that they are rather restrictive in the pgs-
sibilities to represent all rectangle areas correctly.
Figure 2: One oft608 possible rectangular layouts of Obviously, we can only answer this question if the

We have implemented the segment moving heurjis-
I I tic and tested it on several data sets. The main

r-

ues and a given rectangular layout we would like ffaphic error depends on maximum aspect ratio gnd

decide if an assignment of the area values to the g@rrect or false adjacencies. We were also interest
gions is possible without destroying the correct at the dependency of the error on the percentage
jacencies. Should the answer be negative or sho@l§a used by the sea.

ed
of

the question be undecidable, then we still want @ur layout data sets consist of the 36 countries |of

compute a cartogram that has a small cartograpBEuarope and the 48 contiguous states of the USA. F
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| Dataset| Sea | Aspectratio | Ave.error | Max. error |

Euelec.| 20% 8 0.071 0.280
Euelec.| 20% 9 0.070 0.183
Euelec.| 20% 10 0.067 0.179
Euelec.| 20% 11 0.065 0.155
Euelec.| 20% 12 0.054 0.137
Euelec.| 10% 10 0.098 0.320
Euelec.| 15% 10 0.076 0.245
Euelec.| 20% 10 0.067 0.179
Euelec.| 25% 10 0.049 0.126

Table 1: Errors for different aspect ratios and sea pergestécorrect adjacencies).

NO

Europe, we joined Belgium and Luxembourg, and
Ukraine and Moldova, because rectangular duals do el -
not exist if Luxembourg or Moldova are included as =
a separate country. Europe hbs sea rectangles :I . B o]
and the US data set has For Europe we allowed - " "
10 pairs of adjacent countries to be in different rel- o e

ative position, leading t@024 possible layouts. Of el o
these,768 correspond to a realizable directed edge |
labeling. For the USA we havis pairs,8192 pos- " |
sible layouts, and608 of these are realizable. In i cs
the experiments, afl68 or 4608 layouts are consid- o = ;r;j ™
ered and the one giving the lowest average error is

chosen as the cartogram. Figure 3: A cartogram depicting the electricity
As numeric data we considered for Europe thwoduction of Europe.
population and the electricity production taken

from [2]. For the USA we consider ulatio . .
[2] exop " Table 1 shows errors for various settings for the

native populationnumber ofarms and total length s )
of highways The data is provided by the US Cen@lectrluty production data set. The rectangular lay-

sus bureau in th&tatistical Abstract of the UnitedOUt chosen for the table is thg one W'.th lowest a\(—
Stated! erage error. The corresponding maximum error is

shown only for completeness. In the table we ob-

Preliminary tests on all data sets showed that g a that the error goes down with a larger allowed
false adjacency option always gives considera pect ratio, as expected. For Europe and popula-

lower error than correct adjacencies. The false ad{%—n (not shown in the table), errors below 0.1 on
cency option always allowed cartograms with Ve average with correct adjacencies were only ob-
age error of only a feyv percent. A small part of thﬁ’;lined for aspect ratios greater théh The table
errors is due to the discrete steps taken when MAYso shows that a larger sea percentage brings the

ing the segments. Since cartograms are interprefgeh, joyn. This is as expected because sea rectan-

visually and show a global picture, errors of a féyjag can grow or shrink to reduce the error of adja-
percent on the average are acceptable. Errors

efit countries, while a sea rectangle cannot have an

few perc%nt are also present in standard, COmpulgizy, in its area. So, more sea means more freedom
generated contiguous cartograms [4, 5, 8, 9]. W aquce errors. However, sea rectangles should

note that most hand-made rectangular cartogragi pecome so small that they visually (nearly) dis-
also have false adjacencies and that aspect rat'oﬁg%ear

more thar20 can be observed.

Fl

Soms
So>m

BG

Table 2 shows errors for various settings for two US
data sets. Again, we choose the rectangular layout
giving the lowest average error. In the US highway

http:/www.census.gov/statab/www/
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| Data set | Adjacency| Aspectratio | Ave.error [ Max. error |

US population false 8 0.104 0.278
US population false 9 0.085 0.193
US population false 10 0.052 0.295
US population false 11 0.030 0.091
US population false 12 0.022 0.056
US population correct 12 0.327 0.618
US population correct 13 0.319 0.608
US population correct 14 0.317 0.612
US population correct 15 0.314 0.569
US population correct 16 0.308 0.612
US highway correct 6 0.073 0.188
US highway correct 7 0.059 0.111
US highway correct 8 0.058 0.101
US highway correct 9 0.058 0.101
US highway correct 10 0.058 0.101

Table 2: Errors for different aspect ratios, and correcadsd adjacencies. Sea 20%.

data set, aspect ratios abovelo not seem to de-average error betwedn03 and0.06, except for the
crease the error below a certain value. In the U&ms data. Here an aspect ratio20fgives an av-
population data set, correct adjacencies give a largeage error of just below.1. Figures 1 and 3 show|
error than is acceptable. Even an aspect ratiorettangular cartograms for Europe. The former h
40 gave an average error of over3. We ran the false adjacencies and aspect ratio bounded By
same tests for the native population data and ag#ie latter has correct adjacencies and aspect ri
observed that the error decreases with larger asgemtinded by8. The average error is roughy.06
ratio. An aspect ratio of combined with false ad-in both cartograms.

jacency gives a cartogram with average error below
0.04 (see Fig. 4). Only the highways data allowed
correct adjacencies, small aspect ratio, and small er- Wi N
ror simultaneously. ox )
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Figures 4, 5, 6, and 7 show rectangular cartograms| | ..
of the US. Three of them have false adjacencies, but .
we can observe that adjacencies are only slightly ™
disturbed in all cases (which is the same as for
hand-made rectangular cartograms). The data sets
allowed an aspect ratio dfo or lower to yield an Figure 6: The highway kilometers of the US.

Ms | AL

FL

SOUTH

as

atio

July 2005



Soms

NORTH

ND
WA MN ] NY
MT wi
SD

—n>m

wjuT] Ks Mo

cA oK AR |

T LA
AL GA

SOUTH

Figure 7: The farms of the US.

Conclusion

[5]

[6]

[7]

[8]

In this paper we presented the first algorithms to

compute rectangular cartograms. We showed ho

to formalize region adjacencies in order to gen
erate algorithmically processable layouts. An in-
teresting open problem is whether rectangular car-
togram construction (correct or minimum error) can
be done in polynomial time.

We experimentally studied the quality of our sed10]

ment moving heuristic and showed that it is very
effective in producing aesthetic rectangular car-

tograms with only small cartographic error.

O

U[rlll]

tests show the dependency of the error on the aspec

ratio, correct adjacencies, and sea percentage. The

quality of the cartograms generated is comparable

to hand-made rectangular cartograms.
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